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ABSTRACT 
Theore t ica l  models  of the magnetron gage are developed by 
t r e a t i n g  t h e  e l e c t r o n i c  c h a r g e  c l o u d  as a r o t a t i n g  f l u i d .  
C a l c u l a t i o n s  are g i v e n  f o r  t h e  g a g e  o s c i l l a t i o n  f r e q u e n c y  a n d  
a n  e x p r e s s i o n  f o r  t h e  r e l a t i o n  b e t w e e n  t h e  p r e s s u r e  a n d  i o n  
c u r r e n t  
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RESEARCH AND DEVELOPMENT  PROGRAM ON COLD CATHODE 
MAGNETRON ULTRAHIGH VACUUM GAGE 
By R. M. Oman 
Norton Research Corporat ion 
SUMMARY 
A t h e o r e t i c a l  model fo r  the magnetron gauge w a s  developed 
by t r e a t i n g  t h e  e l e c t r o n i c  c h a r g e  c l o u d  as a r o t a t i n g  f l u i d . ,  
T h i s  model accounts  for  t h e  e x p e r i m e n t a l l y  o b s e r v e d  o s c i l l a t i o n s  
i n  t h e  g a u g e  a n d  t h e  l i n e a r  r e l a t i o n  b e t w e e n  p r e s s u r e  a n d  i o n  
c u r r e n t ,   E x p r e s s l o n s  fer t h e  e l ec t r i c  f i e l d  and p o t e n t i a l   w i t h -  
i n  t h e  g a u g e  s t r u c t u r e  were developed   us ing   th i s   model .  Dioco- 
t r o n  waves were used to c a l c u l a t e  t h e  g a u g e  o s c l l l a t i o n  f r e -  
quency,. T h e s e  c a l c u l a t l o n s  a r e  c o r r e c t  t o  w i t h i n  a n  o r d e r  o f  
magnitude  and  vary with 1 / B  i n   a c c o r d   w i t h   e x p e r i m e n t .   S t a b i l i t y  
c r i t e r i a  for magne t ron  type  dev ices ,  l nvo lv lng  the  s i z e  of t h e  
charge   cJoud  and   e lec t ron   dens l ty   have  a l so  been  developed, If 
a c o n s t a n t  number d e n s i t y  m d  energy spectrum are  assumed for 
e l e c t r o n s  i n  t h e  d i s c h a r g e ,  a l l n e a r  r e l a t i o n s h i p  b e t w e e n  p r e s -  
s u r e   a n d   i o n   c u r r e n t   r e s u l t s   o v e r  a wide   p ressure   range ,  C a l -  
c u l a t i o n s  o f  t h e  s e n s l t i v i t y  are  w i t h i n  a f a c t o r  of f o u r  of 
measured values .  
. . . . . . . . . ._ _. _ - "" 
INTRODUCTION 
Befo re  d i scuss ing  the  s o l u t i o n  t o  t h e  magnetron gage 
problem an  out l ine  of t h e  g e n e r a l  a p p r o a c h  t o  p r o b l e m s  i n  
f i e l d  t h e o r y  a n d  i n  p a r t i c u l a r  t h o s e  p r o b l e m s  and t h e o r e t i c a l  
techniques which most  c losely conform to t h e  magnetron i s  ap- 
p r o p r i a t e .  T h i s  g e n e r a l  p i c t u r e  o f  f i e ld  t h e o r y  w i l l  make it 
much easier t o  see where the magnetron problem f i t s   i n  re- 
l a t i o n  t o  t h e  s e v e r a l  o t h e r  p r o b l e m s  ( g e n e r a l  p r o b l e m s )  t h a t  
h a v e   b e e n   s o l v e d   w i t h   f i e l d   t h e o r e t i c a l   t e c h n i q u e s .  A s  w i l l  
be  seen l a t e r  on, it i s  m o s t  a p p r o p r i a t e  t o  u s e  t h i s  k ind  of 
a n  o u t l i n e  o f  p r o b l e m s  w i t h  p a r t i c l e s  i n  f ields because there 
a r e  a c t u a l l y  v e r y  few problems tha t  have  been  successfu l ly  
so lved   w i th  f i e l d  t h e o r e t i c a l  m e t h o d s .  A c t u a l l y  r a t h e r  t h a n  
s p e c i f i c  p r o b l e m s ,  t h e r e  are genera l  p roblems t h a t  can be 
s o l v e d  v i a  f i e l d  t h e o r y  s u c h  as a s i n g l e  p a r t i c l e  i n  a f i e l d ,  
a beam o f  i n t e r a c t i n g  p a r t i c l e s  i n  a f i e l d  or  a c o l l e c t i o n  of 
p a r t i c l e s  s u f f i c i e n t l y  d e n s e  t o  d r a s t i c a l l y  a l t e r  t h e  i n i t i a l  
f i e l d  moving i n  a f i e l d .  
The Magnetron Problem 
There are many s ide  p rob lems  a s soc ia t ed  w i t h  t r y i n g  t o  
so lve  the  gene ra l  p rob lem o f  the  magne t ron .  And many o f  these 
p rob lems  invo lve  ca l cu la t ions  the  r e su l t s  o f  wh ich  are needed 
to  dec ide  wh ich  e f f ec t s  can  be  neg lec t ed  and  which need t o  be 
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considered  and  what   approximations are al lowed.  However, i n  
t h i s  s e c t i o n  w e  want t o  d e s c r i b e  o n l y  t h e  g e n e r a l  f e a t u r e s  of 
the magnetron problem, 
T o  p l a c e  some r e s t r i c t i o n s  on t h e  p r o b l e m  c o n s i d e r  t h a t  
the  magnetron i s  a smooth bore one,  the charge cloud i s  en- 
t i r e l y  e l e c t r o n i c ,  and  the  t w o  major f e a t u r e s  t h a t  w e  would 
l i k e  t o  a c c o u n t   f o r   i n   a n y   t h e o r e t i c a l   m o d e l  a re  (1) t h e  
o s c i l l a t i o n s   i n   t h e   g a g e ,   a n d  ( 2 )  t h e   l i n e a r i t y ,   t h a t  i s  
t h e   l i n e a r   r e l a t i o n   b e t w e e n   i o n   c u r r e n t   a n d   p r e s s u r e -   T h e r e  
are s e v e r a l  o t h e r  r e s t r i c t i o n s  w h i c h  c a n  be p l a c e d  o n  t h i s  
pa r t i cu la r  magne t ron  p rob lem bu t  t hese  are  s u f f i c i e n t  f o r  
o u t  g e n e r a l  d i s c u s s i o n  a t  l eas t  a t  t h i s  p o i n t ,  
The gene ra l  s i t ua t ion  r ega rds  the  magne t ron  gage  i s  shown 
i n  F i g -  1.. The g a g e   c o n s i s t s   i n   c o n c e n t r i c   c y l i n d e r s   w i t h  a 
p o t e n t i a l  of 6 0 0 0  vo l t  be tween  them and  an  ax ia l  magne t i c  f i e ld  
of s t r e n g t h  1 0 0 0  gauss . ,  The p o l a r i t y   o f   t h e   v o l t a g e  i s  such 
t h a t   i o n s  are c o l l e c t e d  a t  t h e   i n n e r   e l e c t r o d e ,  The u t i l i t y  
o f  t h e  d e v i c e  as a vacuum gage i s  i l l u s t r a t e d  i n  t h e  accornpany- 
ing   g raph  of i o n  c u r r e n t  t o  t h e   c a t h o d e   v e r s u s   p r e s s u r e .  Over 
a wide  pressure  range  and  one  in  which  hot  f i l ament  type  gages  
are u n r e l i a b l e  p r i m a r i l y  b e c a u s e  o f  x - r a y  l i m i t a t i o n s  ( f r o m  
t o  2 x Torr f o r   t h i s   o p e r a t i n g   p o i n t )   t h e r e  i s  a l i n e a r  
r e l a t i o n  of c u r r e n t  t o  p re s su re  and  below t h i s  p o i n t  t h e r e  i s  
a n   e x p o n e n t i a l   r e l a t i o n s h i p ,  On t h i s   l o g - l o g   p l o t   t h e   l i n e a r  
r e l a t i o n  i s  shown as  a s t r a i g h t  l i n e  of s l o p e  u n i t y  a n d  t h e  non- 
l i n e a r  r e l a t i o n  as a s t r a i g h t  l i n e  o f  s l o p e  d i f f e r e n t  from 
u n i t y ,   T h e s e   r e l a t i o n s   a r e  a l so  shown i n   F i g .  1, 
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Fig. 1 
General  configuration of the  Magnetron  Gauge 
including  the  pressure-current  relations. 
Charged  Particles  In  Electromagnetic  Fields 
In actual  practice  there  are  only  three  relatively  narrow 
classlfications  of  problem  that  can  be  solved by field  theo- 
retical  techniques.  Though  this  is  clearly  a  somewhat  ar- 
bitrary  classification it is  most  appropriate  for  this  dis- 
cussion, 
The  simplest  problem  of  particles  in  fields is one  in 
which  a  single  charged  particle  behaving  in a classical  manner 
is  acted on by applied  electric  and  magnetic  fields..  Next  is 
the  problem of the  beam of charged  particles  interacting  with 
electric  and  magnetlc  flelds  where  the  fields  (outside  the 
beam)  are  still  those  found  for  the  charge  free  situation,  And 
then  there is that  class of problems  where  the  charge  density 
of  a  beam of particles  is so high  and  the  beam  is o large  in 
extent  that  initial  field  conditions  are  drastically  altered, 
This  general  classification of problems  is  shown  in Fig, 2 
where,the charge and field  situation  is  described  and  examples 
from  the  macroscopic a n d  microscopic  worlds  are given. 
Single  Particle  in  a Field,,- Now if  we  approach  the ". . " ". -. " - .-
problem of finding  the  trajectory of an electron i .n  a  field 
where  we  specify  the  initial  conditions  (position  and  velocity) 
and the  field  then  the regular equatlcrls of classical  physics, 
derived  from  simple  Newton's  laws  relations  uniquely determine 
the  position  and  velocity  of  the  particle in time. If we take 
the  same  field  configuration,  add  another  charged  particle  with 
its  set of initial  conditions  we  can  again  easily  find  the 
trajectories of both  particles, If this  process  is  continued 
for  more  and  more  particles  each  time,  a  point is very  quickly 
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Q , M  
Fig, 2 
G e n e r a l  c l a s s i f i c a t i o n  of problems i n  f i e l d  t h e o r y .  
HARTREE-FOCH 
SUPERCONDUCTORS 
reached  when  the  interactions of the  particles  begin  to  in- 
fluence  the  motion. If carried  to  extremes  the  interactions 
dominate in determining  the  motion.  Except  for  special  cases 
like  the  Helium  atom  problem  we  are  unable to solve  problems 
by continuous  superposition of solutions  to  the  problem  of a 
single  particle  interacting  with  a  field. 
Beam - ~ ~ . .  of Particles  in  a Field.-  The  next  most  complicated 
approach  for  considering  electrons in fields  is  to  start  with 
a beam of particles  and  have  the  beam  enter  the  field  with  pre- 
scribed  initial  conditions.  Then  as  with  the  single  charged 
particle  we  can  predict  the  history  of  the  beam  in  time.  After 
solving  this  problem  we  look  inside  the  beam  to  determine  the 
trajectories of the  individual  particles.  This  is  the  second 
general  category  of  problems  that  can  be  solved  with  classical 
field  theory.  What  we do in  this  case  is  break  the  problem  up 
into  two  separate  prablems  one  similar to the  problem of a 
single  particle  in  a  field  and  the  other  taking  account  of  the 
interactions  within  the  beam. 
" Stream . of Particles  in  a Field.- The  next  most  complicated 
problem  that  we  can  handle  is  one  in  which  the  beam of par-
ticles is sufficiently  dense and sufficiently  large  in  extent 
to  drastically  alter  the  initial  applied  electric  field. In 
this  situation  the  analysis is very  complicated  because  the 
actual  fields  that  the  individual  particles  experience  bears 
little  resemblance  to  the  initial  conditions. 
" ~ 
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Comparison  of  Techn,iques.- ~~ Now we h a v e   t h r e e   g e n e r a l  
ca t egor i e s   o f   p rob lems   t ha t  can be  solved (1) s i n g l e  p a r t i c l e  
i n   f i e l d ,  ( 2 )  beam o f   p a r t i c l e s   i n   f i e l d ,  ( 3 )  beam of   par-  
t ic les  s u f f i c i e n t l y  l a r g e  a n d  d e n s e  t o  e s s e n t i a l l y  d e s t r o y  t h e  
o r i g i n a l  f i e l d  i n  a f i e l d ,  The d i s c u s s i o n   a b o v e   o f   t h e   s i t u a -  
t i o n  o f  o n e  p a r t i c l e  i n  a f i e l d  and  then  the  add i t ion  of more 
and  more i n d i v i d u a l  p a r t i c l e s  ( s u p e r p o s i t i o n  o f  i n d e p e n d e n t  
s o l u t i o n s )  i s  r e a l l y  a n  i l l u s t r a t i o n  o f  t h e  f u t i l i t y  o f  a t -  
t e m p t i n g  t o  s u p e r p o s e  s o l u t i o n s  n e g l e c t i n g  p a r t i c l e  i n t e r a c t i o n s .  
T h i s  g e n e r a l  o b s e r v a t i o n  i s  borne  out  by  some examples from the 
macroscopic  and  microscopic  worlds.   In t h e  g e n e r a l  area of 
macroscopic problems, it i s  r e l a t i v e l y  e a s y  t o  d e a l  w i t h  s i n g l e  
c h a r g e d  p a r t i c l e s , e i t h e r  an i o n  o r  e l e c t r o n ,  o n e  a t  a t i m e .  
When w e  have t o  c o n s i d e r  more t h a n  o n e  e l e c t r o n  i t  i s  necessary  
t o  add t h e  f u r t h e r  c o n d i t i o n  o f  n o n i n t e r a c t i o n ;  t h a t  i s ,  i n  
r ea l  p rob lems  w e  c a n  h a n d l e  o n e  p a r t i c l e  i n  a f i e l d  o r  two o r  
t h r e e  o r  f o u r ,  e tc ,  by t r ea t ing  e a c h  p a r t i c l e  s e p a r a t e l y .  
But w e  ve ry  qu ick ly  r each  the  po in t  o f  chaos  i n  de te rmining  
t h e   i n t e r a c t i o n s .   A c t u a l l y   t h i s   c h a o s  i s  due t o   t h e   n o n a v a i l -  
a b i l i t y   o f   t h e o r e t i c a l   t e c h n i q u e s .  Again i n  t h e  macroscopic 
world it i s  r e l a t i v e l y  e a s y  t o  work wi th  beams of charged 
p a r t i c l e s  s u c h  as i n  a l l  o f  t h e  e l e c t r o n  beam d e v i c e s  by 
breaking  the  problem up i n t o  two p a r t s  t h a t  w e  can handle .  
We look a t  t h e  beam and t h e n   i n s i d e   o f  it s e p a r a t e l y ,  A f t e r  
the  problem of  dea l ing  wi th  t h e  beam o f  c h a r g e d  p a r t i c l e s  w e  
s k i p  t o  t h e  p rob lem where  the  cha rged  pa r t i c l e  dens i ty  i s  suf -  
f i c i e n t l y  h i g h  t o  d e s t r o y  o r  v e r y  n e a r l y  d e s t r o y  t h e  a p p l i e d  
f i e l d s  such   a s   gene ra l ly   encoun te red   i n   p l a sma   phys i c s .  Now 
i n  t h e  m i c r o s c o p i c  w o r l d  t h e  r e a l i z a t i o n  of t h e  f u t i l i t y  of 
c h a r g e d   p a r t i c l e   p h y s i c s  i s  more ev iden t .   Fo r   i n s t ance ,  i t  i s  
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p o s s i b l e  t o  solve the  hydrogen atom problem  completely.  The 
n e x t  most compl ica ted  a t o m  however  which consis ts  of  only t w o  
e l e c t r o n s  in a c e n t r a l  f o r c e  f i e l d  i s  much m o r e  d i f f i c u l t  t o  
so lve  and  spec ia l  t echn iques  such  as the Hartree-Foch have 
been  developed t o  d e a l  w i t h  many e l e c t r o n  atoms. I n  t h e  micro- 
s c o p i c  w o r l d  t h e  s e p a r a t i o n  of p a r t i c l e s  i s  s u f f i c i e n t l y  small 
so t h a t  t h e  p r o b l a m  of d e s t r o y i n g  t h e  f i e l d  i s  n o t  r e g u l a r l y  
encoun te red   excep t  fo r  s h i e l d i n g  ( e l e c t r o n s  s h i e l d i n g  t h e  
nuc leus )  e 
The Magnetron Problem i n  R e l a t i o n  t o  Field Theory 
Looking a t  t h e  t h r e e  g e n e r a l  c a t e g o r i e s  o f  p r o b l e m s  it  i s  
ev iden t  t ha t  t he  magne t ron  p rob lem l i e s  somewhere  between t h e  
problem of  the beam i n  a f i e l d  a n d  t h e  s t r e a m  b e i n g  a c t u a l l y  
closer t o  t h e  stream case s i n c e  w e  would expect a p r i o r i  t h e  
c h a r g e  f r e e  f i e l d  i n  a magnetron t o  b e  d r a s t i c a l l y  a l t e r e d  by 
t h e   c h a r g e   c l o u d .  I n  a n a l y s i s  of stream type  problems  techniques 
usua l1 .y  encountered  in  problems pecul ia r  to  the  flow of r o t a t i n g  
f l u i d s  are  p e r h a p s  b e t t e r  s u i t e d  t h a n  t h o s e  e n c o u n t e r e d  i n  
p a r t i c l e   p h y s i c s . .   T h i s  i s  c e r t a i n l y   n o t  t h e  o n l y   a p p r o a c h   t o  
the problem and may n o t  e v e n t u a l l y  be the  mos t  success fu l  one- 
Howeverp the  gene ra l  p rob lem o f  a f l u i d  r o t a t i n g  b e t w e e n  t w o  
c o n c e n t r i c  c y l i n d e r s  i s  s u f f i c i e n t l y  a n a l o g o u s  t o  t h e  m a g n e t r o n  
problem where an electron cloud i s  ro t a t ing  be tween  t w o  c y l i n d e r s  
t o  j u s t i f y  a n  i n i t i a l  a p p r o a c h  t o  t h e  p r o b l e m  a l o n g  t h e s e  l i n e s ,  
Very r o u g h l y ,  t h e  c h a r g e  d e n s i t y  i n  t h e  c l o u d  i s  analogous t o  
t h e  d e n s i t y  o f  t h e  l i q u i d  a n d  t h e  s i z e  a n d j o r  c o m p r e s s i b i l i t y  o f  
t h e  l i q u i d  i s  analogous t o  t h e  c o n s t r a i n i n g  e f f e c t  of the  magne t i c  
f i e l d  on t h e  i n d i v i d u a l  c h a r g e s ,  
"
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General  Configuration of the  Fluid  Flow  Model 
The  particular  situation  which we set up is one  where we 
have  concentric  cylinders.  And  assume  that  we  have  as we 
progress  in  the  radial  direction  one  liquid  (a  thin  one),  then 
another  liquid  which  corresponds to the  charge  cloud  and 
finally  another  liquid  like  the  first  one.  This  situation is 
a  "liquid  sandwich"  in  which  a  very  dense  liquid  is  between 
two  very  thin  liquids. In  this  problem  because  of  the  magnetic 
field  the  more  dense  liquid  will  rotate  with  respect  to  the 
thin one.  Actually we let  the  thin  liquid  have  zero  density. 
Problems  of  this  general  nature  have  been  dealt  with  in  the 
area  of  fluid  flow  and  moving  one  fluid  with  respect  to  another 
results  in  a  sine  wave  type  disturbance  at  the  fluid  interface. 
In  the  cylindrical  geometry  cloud  this  disturbance,  which  is 
propagated  around  both  the  inner  and  outer  edges of the  charge 
cloud,  corresponds  to  the  diocotron  wave  or  in  the  words 
peculiar  to  fluid  flow  the  slipping  stream  instability,  The 
general  equation  giving  the  frequency  for  this  oscillation  is 
usually  very  complicated  and  depends on the  size  of  the  chamber, 
the  relative  size  of  the  charge  cloud,  the  density in the  cloud, 
and in  this  case  the  potential  applied  between  the  cylinders 
and  the  magnetic  field. This  general  description of the  mag- 
netron  problem,  which  is  a  close  analogy t  problems  regularly 
encountered  with  fluids,  warrants  serious  consideration,,  One 
of  the  drawbacks  is  that  solutions  are so complicated  the  aid 
of  machine  computers is essential.  The  first  problem  then  in 
trying  to  match  this  fluid  flow  approach to the  magnetron  is  to 
solve  the  problem,  put  in  as  many  dimensions  as  possible and do
a  parameter  study  between  applied  potential,  magnetic  field, 
charge  density  and  oscillation  frequency to see  if  reasonable 
values  for  these  parameters  correspond  to  those  experimentally 
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observed in the  gage. Parts of this  exercise,  presented  in 
the  next  section,  follow  from  the  general  description  of  dioco- 
tron  waves by  Levy  (ref. 1). 
DIOCOTRON  INSTABILITIES IN THE MAGNETRON 
Consider  the  geometry  of  Fig. 3 .  The wave  equation  re- 
lating  the  electric  .field  to  the  charge  density  is 
I d  -noe r (rE) = - 
€0 
where no the  electron  density  (per  unit  length in the  axial 
direction)  is a function of r . In  these  calculations  the 
sign  is  included in the  equation so e is the  specific  electron 
charge.  The  charge per unit  length  residing  on  the  central 
electrode  is  defined by Gauss'  law.  (This  is fo r  a  line of 
charge. ) 
E(a) = - 2neoa 
(5 
The  value of d is a  measure of the  potential  between  the 
cylinders  and  the  total  charge  contained. 
Now  consider a single  electron  in  this  crossed  field  con- 
dition. If the  equations  are  worked  through  (see  Landau  and 
Lifshitz (ref, 2 )  or Wouter  Schuuman  (ref. 3 )  the classical  crossed 
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Fig. 3 
Geometry of the gage cylinders  and  the  electron cloudn 
field'mobility theory  obtain..  The result  is  that  the  electrons 
move in the  aximuthal  direction  with  a  velocity vo = -E/B . 
In  a  situation  where  there  are  collisions  there is the pos- 
sibility of migration  in  the  direction  of E . (If  there  were 
no collisions  every  electron  leaving  the  central  electrode 
would  return.)  This of course  also  assumes no perturbation 
to  the  applied  electric  field  by  the  charge  cloud.  Thus  we 
are  able to write  two  general  equations  for  the  electrons 
Er = -vB Eo = uB , ( 3 )  
where u is  the  radial  velocity,  v  the  aximuthal  velocity 
and  likewise  for  the  electric  field  as  indicated by  the sub- 
scripts.  This  assumption of a  continuity  in  the  velocity  im- 
plies  the  existence of potentials  and  in  cylindrical  co- 
ordinates we have 
If  the  circulating  current  is  constant  in  numbers of 
electrons  this  corresponds  to  a  constant  electric  and  magnetic 
field so that the  countinuity  equation 
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for  a  rotating  fluid  is  valid  and  if  the  fluid is incompressible 
p is  a  constant so - V-v = 0 . In cylindrical  co-ordinates  (no 
z-component)  then  we  have 
as  the  conservation  equation  for  an  incompressible  fluid. 
The  equation  for  conservation  of  the  electrons,  the  con- 
servation  or  transport  equation  for  fluids s,
but  for  an  incompressible  fluid " V-v = 0 so 
--n + a t  vmv an e 0 
which is a  simple  statement  that  the  density  of  any  sma 11
volume of the  flow  is  conserved  as we follow it along  or  if 
we  follow  the  density  of  a  point  in  the  flow  the  density  of 
its  environment  is  always  constant.  The - voVn term  is 
an 1 an 
ar + V r a e  u -  
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or 
Ee an Er an - 
B ar Br ae Br [a@ r an e E) "- "" "- 
The  conservation  equation  then  becomes 
Now we  assume  a  potential  and  a  density  that  contain  a  constant 
part  plus  a  time  and  space  (angular)  varying  part 
We  can  now  substitute  these  assumed  zero-order type profiles 
into  the  conservation  equation.  The  essential  partial deri-va- 
tives  are 
15 
I " . 
and on substituting  into Eq. I l l )  we obtain 
or 
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The Poisson's  equation is " V-E = and  taking  the  diver- 
E 
gence fo r  cylindrical  co-ordinates  gives 
- - ( r g ]  r I d  r + r z - - -  1 d2@  ne
€0 
Now  the @ and n  which  we  put  into  this  Poisson's  equation 
are 4 (r)  and  n(rj , Eq. (12) so d2@/r2dO2 is - (R2/r2) 9 which 
is  the  form for any  periodic  potential,  Putting  the  results  of 
E q ,  (15) into  a  Poisson's  equation we have 
Now  we  come  to  the  question f the  zero  order  profile f o r  n . 
As a  first  approximation  we  take  the  profile  defined  in Eq, 18, 
This  choice  makes dno/dr = 0 in  three  separate  regions  both 
where  the  beam  is  and  where  it s not. Inside  these  three  re- 
gions  the  working  equatlon  then  reduces to 
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There  are  two  reasons  for  this  choice.  First  looking  over 
the  work of Nedderman  (ref. 4 1 ,  Dow (ref. 5 )  and  Reverdin  (ref. 
6 )  who  have  attempted to measure  the  electron  density  in 
magnetrons  we  see  that  this  choice  is not incompatible  with 
measured  electron  profiles.  Second  this  choice  allows  the 
working  equation, Eq, (191, in a form so that  the  problem  can 
be  worked  through.  Other  choices  may  turn out to be  both  easier 
to  work  with  and  closer  to  the  actual  situation  but  for  a  first 
attempt  this  choice  is  appropriate.  This  choice of profile 
(Eq. (18)) implies  that  the  perturbed  density  n(r)  in Eq. (15) 
is  zero  inside  the  cloud so that  the  perturbation  or  wave  we  are 
interested in is at  the  edge of the  charge  cloud. 
Now  we  can  match  solutions  at  the  charge  cloud  bsundary. 
Assume  the  potential  to  be  continuous. To match  the  solutions 
we  integrate  Eq. (17) from  r=b-6  to  r=b+6  and  look  at  the 
results as 6+0 
rr=b+6 
r=b- 6 
r=b+6 
r=b- 6 
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RV 
The term [ w  - -$I i s  e s s e n t i a l l y  a c o n s t a n t  so wi th  r=b  can  be 
t a k e n   o u t  of t h e   i n t e g r a t i o n .  The term - can  be  cons ide red  
a d e l t a  func t ion   and  @ d o e s   n o t   c o n t r i b u t e   t o   t h e   i n t e g r a l  so 
dn0 
dr  
r=b-6 
The e q u a t i o n  f o r  m a t c h i n g  t h e  p o t e n t i a l s  a t  r=b  now looks l i k e  
The o n l y  c o n t r i b u t i o n  t o  t h e  i n t e g r a l  i s  from t h e  f i r s t  t e r m  and 
t o  f i r s t  order t h i s  i s  j u s t   t h e   s l o p e   o f  I$ a t  the  boundary so 
The q u a n t i t y  N ~ / E ~ B  has   the   d imens ions   o f  a frequency  and i s  
e q u a l  t o  w 2 / w c  where w i s  the  plasma  f requency  and w c  i s  
t h e  c y c l o t r o n  f r e q u e n c y  so  t h a t  t h i s  e q u a t i o n  c a n  be w r i t t e n  as  
? P 
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Now w e  p r o c e e d  t o  write down e x p r e s s i o n s  f o r  t h e  f i e l d  and 
t h e  p o t e n t i a l  i n  e a c h  o f  t h e  t h r e e  r e g i o n s .  The f i e l d  and 
p o t e n t i a l  are w r i t t e n  down f i r s t  i n  r e g i o n  1. Then t h e  f i e l d  
i s  w r i t t e n  down for -  reg ion  2 and t h e  p o t e n t i a l  i s  w r i t t e n  
down w i t h  t h e  c o n s t a n t  o f  i n t e g r a t i o n  e v a l u a t e d  a t  r = b  by com- 
p a r i s o n  w i t h  t h e  p o t e n t i a l  e x p r e s s i o n  d e v e l o p e d  i n  r eg ion  1. 
The  same procedure i s  a p p l i e d  a t  t h e  o u t e r  c l o u d  b o u n d a r y  ( r=c)  
t o  f i n d  t h e  p o t e n t i a l  i n  r e g i o n  3 .  This   procedure i s  shown i n  
d e t a i l  i n  Appendix A and t h e  r e s u l t s  are reproduced below. 
I n  r e g i o n  1: 
Q 2--ln- r 
I T E ~  a (bo = - 
I n  r e g i o n  2 :  
Q l n - +  r Neb2 (bo = - ~ I T E ,  a [$ - 1 - 21n g] 
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I n  r e g i o n  3:  
- Q  N e  ( c2 -b2)  
~ o " - - - - -  2 7 r ~ , r  2tzo r 
A t  t h i s  p o i n t  t h e  p o t e n t i a l  a t  t h e  o u t e r  c o n d u c t o r  c a n  b e  
w r i t t e n  down, 
@,(dl = - C2-b2) + 2 c 2  I n  - C - 2b2 !. b (28)  d 
o r  r e w r i t i n g  Q i n  terms of N a n d  t h e  p o t e n t i a l  a t  t h e  o u t e r  c o n -  
d u c t o r  
TNe II d 2 n ~ ~ $ ~  (dl Q =  d ( c 2 - b 2 )  + 2 c 2  I n  - 2b2 I n  E] - d 2 I n  - I n  - a a ( 2 9 )  
I n  f i n d i n g  g e n e r a l  s o l u t i o n s  t o  t h e  P o i s s o n ' s  e q u a t i o n  ( E q ,  ( 1 9 ) )  
i n  e a c h  of t h e  t h r e e  r e g i o n s  it i s  c o n v e n i e n t  t o  s ta r t  i n  r e g i o n  
2 where w e  assume a g e n e r a l  s o l u t i o n  of the  fo rm 
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To  make  the  solutions in regions 1 and 3 fit  we  must  match  them 
up at the  boundaries,  thus 
and 
In  addition  to  matching  at r=c, $ 3  must  equal $,(a) at  r=d  and 
likewise q 1  must  vanish  at  r=a.  These  equations  also  must 
satisfy  Eq. (19) which  they do.  According to Eq. (23) the  con- 
dition  for  matching  at  the  boundary  b  is 
Expressions  for @ and  appropriate  derivatives  are  given  below 
the  details of which  are  in  Appendix B.
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r$2'(b) = Bbk + yb'
Substituting  now  in Eq. ( 3 3 )  we  have 
" eN Rb-k1(Bb2k + y )  
€OB 
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so 
Now we  have  to  perform  the  same  operation  at  the  boundary r=c, 
And the  equation  we  must  satisfy  is 
which  is  the  same  condition  specified by the  previous  equation 
but  for  the  boundary  at  r=c.  Taking  values  for  the  derivatives, 
etc. from  Appendix C, Eq. (35) becomes 
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- -( ti+yc-2'1) eN 
€ O B  
now adding  vo (c) 
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or 
The  particular  term  coBw/eN  in  both  Eqs, ( 3 4  and ( 3 6 )  suggest 
a  new  variable 5 = E,Bw/eN proportional  to  the  frequency, 
This  variable 5 is  dimensionless,  With  this  new  variable  we 
can  proceed to rewrite Eqs, ( 3 4 )  and ( 3 6 )  in  a  more  convenient 
form 
and 
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If we neglect  the -d'@o(d) term  which is equivalent to setting 
@,(a) = 0, these  two  equations  can  be  rewritten in terms of the 
arbitrary  constants B and y . Then the  expression  for  con- 
sistency of the  solutions is obtained  by  setting  the  determinant 
of  the  characteristic  equation  equal  to  zero.  This  should  give 
a  dispersion  relation  in  the  frequency.  This  excercise  is  done 
in  Appendix D o  The result  is  shown  below. 
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The s t a b i l i t y  c r i t e r i a  f o r   t h e   o s c i l l a t i o n s  i n  5 i s  t h e  
r e a l i t y  o f  t h e  r o o t s  of Eq.  ( 3 9 ) .  T h i s   c o n d i t i o n   c o u l d   b e  
w r i t t e n  down b u t  f o r  o u r  p u r p o s e s  ac tua l  c a l c u l a t i o n s  on t h e  
computer can be used t o  g i v e  t h e  s i t u a t i o n  f o r  i n s t a b i l i t y .  
SOLVING THE DIOCOTRON EQUATIONS 
The q u a d r a t i c   i n  5 (Eq .  ( 3 9 ) )  can  be s o l v e d  by s p e c i f y i n g  
a p a r t i c u l a r   g e o m e t r y  a ,  d and t a k i n g  a s i z e  f a c t o r  K which 
d e t e r m i n e s  t h e  r e l a t ive  s i z e  o f  t h e  e l e c t r o n  c l o u d  ( b  = a + KL, 
c = d-KL where L = d-a)   and   va lues   o f  N and Q . Thus i n  
f u n c t i o n a l   f o r m  w e  can wri te  5 = f (N, Q, K )  f o r  a s p e c i f i c  
geometry,  We a r b i t r a r i l y  s e t  R = 1 f o r  t h i s  and  subsequent  
c a l c u l a t i o n s .  
An e x p r e s s i o n   f o r  5 i s  n o t   o b t a i n a b l e   i n   c l o s e d  form. 
However none i s  a b s o l u t e l y  n e c e s s a r y  s i n c e  s o l u t i o n s  o v e r  a n y  
d e s i r e d   r a n g e  can be found by machine  computation,  Indeed w r i t -  
i n g  down t h e s e  f u n c t i o n a l  r e l a t i o n s h i p s  d o e s  n o t  i m p l y  t h a t  s u c h  
a s i m p l e  r e l a t i o n s h i p  e x i s t s  b u t  o n l y  t h a t  by s p e c i f y i n g  t h e  
pa rame te r s  w e  can  compute  the 5 . 
We c a n   p r o c e e d   t o   s i m p l i f y   t h e   r e l a t i o n s h i p   f o r  5 by 
us ing  E q .  ( 2 8 )  a r e l a t i o n   b e t w e e n   t h e   a p p l i e d   v o l t a g e   a n d  Q,N. 
Thus w e  c a n   r e l a t e  Q t o  N t h r o u g h   t h e   a p p l i e d   v o l t a g e ,  
F u n c t i o n a l l y  Q = f (Vo, N ,  K )  so t h a t  w e  can write a n o t h e r  
f u n c t i o n a l   r e l a t i o n s h i p  5 = f ( N ,  K ,  V0). The a c t u a l   o b s e r v e d  
o s c i l l a t o r y   f r e q u e n c i e s  are w = e N / E o B  5 . I n   c o n s t r u c t i n g  a 
computer program then w e  mus t  pu t  i n  t h e  p r o p e r  i n i t i a l  v a l u e s  
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of a, d ,  Vo, B then   va ry  N and K t o   g e t   h e   o b s e r v e d  
frequency.   Before  computing  the < I s  and t h e  w's w e  must 
f i r s t  compute Q f o r   s p e c i f i e d  N ' s  and Vols from Eq. ( 2 8 ) .  
We have t o  have   t he   va lues   o f  Q b e f o r e  w e  c a n   s o l v e   t h e  
q u a d i a t i c   i n  <. 
B e f o r e  m a k i n g  e v e n  t h e  f i r s t  a t t e m p t  t o  s o l v e  t h e  
q u a d r a t i c   f o r  r w e  w i l l  work o u t  some c r i t e r i a  f o r   s p e c i f y i n g  
t h e   r a n g e s  of v a l u e s  of t h e   p a r a m e t e r s  N ,  K . 
STABILITY C R I T E R I O N  
There  i s  a s t a b i l i t y  c r i t e r i o n  c o n n e c t e d  w i t h  t h e  r e a l i t y  
o f   t h e   r o o t s   f o r  < . Only those   va lues   o f   t he   pa rame te r s  N ,  
K ,  V, t h a t  lead t o   r e a l   s o l u t i o n s   t o   t h e   q u a d r a t i c   i n  < are 
al lowed.   This  i s  a n  e x t r e m e l y  b a s i c  s t a b i l i t y  c r i t e r i o n  and i n  
t h i s  c a s e  o n e  t h a t  i s  r e l a t i v e l y  e a s y  t o  a p p l y .  The w e l l  known 
i n e q u a l i t y  f o r  r e a l i t y  o f  t h e  r o o t s  o f  q u a d r a t i c s  o f  t h e  g e n e r a l  
form P X 2  + QX + R = 0 is t h a t  t h e  d i s c r i m i n a n t  be g r e a t e r  t h a n  
zero  where t h e  d i s c r i m i n a n t  i s  Q 2  - 4 P R ,  With t h i s  i n e q u a l i t y  
w e  can  proceed by machine  compulation t o   c a l c u l a t e  5 f o r  
va r ious   va lues   o f  N ,  K, V, t o   p u t  some bounds  on t h e s e  
v a r i a b l e s .  The f u n c t i o n a l   r e l a t i o n s h i p   f o r  5 = f ( N ,  K ,  V,) i s  
t h e  b a s i s  f o r  t h e  s t a b i l i t y  c a l c u l a t i o n ,  
The computer  program sets t h e  i n i t i a l  cond i t ions  o f  
geometry  and  appl ied  vol tage  then sets K and   cyc les   th rough 
N by f a c t o r s   o f  1 0  o v e r   t h e   r a n g e  1 0 l 2  t o  and p r i n t s   o u t  
t he   va lue   o f  N where   t he   so lu t ions  become  complex  (imaginary 
r o o t s ) .  Along t h e  way Q i s  c a l c u l a t e d   i n  terms of N ,  V,. I n  
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a  separate  program  the  unstable  regions  were  investigated  beyond 
the  point in N for  complex  roots  with  the  result  that  a  region 
close  to K = 0.50 was  found to be  stable. This is  however of 
little  consequence. 
The  computer  program,  the  results of the  program  and 
graphs  showing  the  stable  region  are  shown  in  the  accompanying 
tables  and  figures  (Table I, 11; Fig. 4 ) .  The  program  was  also 
done  over  for  values of V, = 2000, 10,000  volt,  the  results of 
which  are  also  in  tabular  and  figure  form,  (Table 111, IV; 
Fig, 5, 6 # ) .  
For an  applied  voltage  of 6000 volt  values of K of 0.220, 
0.210, 0.200, 0.190, 0.180 show  complex  roots  at N = 
Further  examination of this  area  shows  that  only  a  small  region 
as shown in the  appropriate  diagram  is  unstable.  The  discovery 
of an  unstable  region  smaller  than  the  spacing  between  data 
points  is  fortuitous  and  serves  as  a  reminder  that  there  may  be 
other  unstable  regions of a  size  smaller  than  the  interval be- 
tween  data  Doints, 
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TABLE I 
1 001  i S T A B I L I T Y   C R I T E R I O N  F O R  THE MAGNETRON 
1 . 0 2  PAGE 
1 10 PRINT"  "D"STABILI  TY CRI   TERI  ON F O R  THE MAGNETRON" 
1 .11   TYPE # D # D #  
1 020 TYPE " D I  S P E R S I  O N  EQUN "P*X ?2+Q*X+R=la-"' 
1 30 PRI NT" " 3 " A - I N  CYL"D"  '*, B-I N CLOUD"D" 
1 . 3 1  PR1NT"C-OUT  CLOUD"D" *' D " D -  OlJT CY  L" 
1 -32 TY'PE # 
1 . 4 1   T Y P E   " K - F < B ) - S I Z E  FACTOR FOR CLOUD-K=B,CLOUD F I L L S  CHAMBER" 
1 050 PR1NT"NUMBER DENS1 TY OF ELECTRONS C M t 3 )  N" 
1 - 5 1  TYPE # 
1.52  PRINT'IMAGNETIC  FIELD C G A U S S ) " r  BO F O R  RO=lfif4Gl 
1.53 TYPE # 
1 054 P R I N T   " A P P L I E D  VOLTAGE < VOLT)"D V O  F O R  VO=6@!3f3 
1 .55   TYPE # 
1 *56 PR1NT"ELECTRON CHARGE (COULOMB)",  EL FOR i?L.=l . 6 * 1 8 t - 1 9  
1 . 5 7   T Y P E  # 
1-58   PRINT. 'PERMITI \ ! ITY < F A R A D / M ) " ,  EO FOR EO=8 .R*1!3t-12 
1 .59   TYPE # D #  
1 . 6 6  TYPE A FOR A = < < 8 . 1 1 5 / 2 ) * 2 . 5 4 ) * < 1 / 1 ~ ~ )  
1.61 TYPE D F O R  D=( ( 1 1 8 0 / 2 )  *2.54) *< 1 /1fiGj) 
1.71  L=D-A 
1.72  TYPE # r #  
1 . 9 9  D O  PART 2 
11 
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2.46 
2 047 
2 048 
2 0 5 1  
2 052 
2 -53 
2 -60 
2 0 6 1  
2 e 7 1  
2 0 7 2  
2 081  
TABLE 1 (CONT. 1 
R 3 = - <  l-<Bt2/Ct2)-(E/Ct2))*<Dt2)*<Bt2)*(Bt~-~t2)*~t-~ 
R4=(Ct2-Rt2>*<Dt2-Ct2)*<Bt2-At2)*<Bt-2)*(Ct-2) 
Q=2*( Q 1 *Q2+Q3) 
R = R  1 + R 2 + R 3 + R 4  
DI S=Q t2  -4*P*R 
TO S T E P  2.71 I F  DISeC? 
TO S T E P   3 . 1 8  I F  DIS>0 
PRI NT"C0MPLEX"rN 
TYPE # 
TO  STEP 3.20 
3 . 1 0  SET N=10*N 
3 . 1  1 TO S T E P  2.22 
3.28 S E T   K = K - 0 . 0 1 0  
3 .21   TYPE I 
3.22 STOP I F  K c 0  
3.23 TO STEP 2 1 1  
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TABLE I1 
S T A B I L I T Y   C R I T F R I O N  FOR THE M A G N E T R O N  
DISPERSION EOUN --P*X t 2 + Q * X + R = 8 - -  
A - I N  CYL R - I  N CLOUD  C - OUT CLOUD 
K - F <  B )  - S I Z E  FACTOR FOR CLOUD-K=Or CLOUD F I L L S  CHAMBER 
NUMBER DENS1 TY OF ELECTRONS ( M t 3 )  - N 
MAGNET1 C FI ELD ( G A U S S )  BO= 1000 
APPLIED VOLTAGE < VOLT) VO= 6000 
ELECTRON CHARGE ( COULOMB) EL = 1 *6*10* - 1 9  
PERMIT1 V I  TY C FARADIM) EO= 8 -8*10t - 1 2  
A =  1 - 4 6 0 5 * 1 0 ?  -3 
D= 001  4986 
K= -490 COMPLEX N= 1 * 1 0 t 1 8  
K= -480 COMPLEX N= 1 * 1 0 t 1 8  
K= -470 C OMPL  EX N =  1 * 1 0 t  18 
K= -460 COMPLEX N =  1 * 1 0 t 1 8  
K =  -450 COMPLEX N =  1 * 1 0 t 1 7  
K =  -440  C OMPL EX N =  1 * 1 0 t 1 7  
K =  -430 C OMPL  EX N =  1 * 1 0 t 1 7  
K =  -420 COMPLEX N= 1 * 1 0 ? 1 7  
K= - 4 1 0  C OMPL  EX N= 1 * 1 0 c 1 7  
K= -400 COMPLEX N= 1 * 1 0 t 1 7  
K= -390 COMPLEX N= 1 * 1 0 t 1 7  
K= -380 COMPLEX N= 1 * 1 0 t 1 7  
D-OUT CYL 
K= -370 COMPLEX N =  1 * 1 0 t 1 7  
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K= 0360 
K= 0350 
K= 0340 
K= 0330 
K= 0320 
K= 0310 
K= 0300 
K= 0290 
K= 0280 
K= 0270 
#z 0260 
K= 0250 
K= 0240 
K= 0230 
K= 0220 
K= 0210 
K= 0200 
K= 0190 
K= 0180 
K= 0170 
K= -160 
K= 0150 
K= 140 
K= 0130 
K= 0120 
K= 0110 
K= 0100 
K= -090 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
C  OMPL E X  
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
TABLE 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
I1 (CONT.) 
1*10t17 
1*10t17 
1*10t17 
1*10t17 
1*10t17 
1*10t17 
1*10*17 
1*10t17 
1*10t17 
1 *10t 17 
N= 1*10*16 
N= 1*10t16 
N= 1*10*16 
N= 1*10t16 
N= 1*10t16 
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I 
TABLE I I (CONT 
K= e080 
K= e070 
K= e060 
K= .a50 
K= e040 
K= -030 
K =  -020 
K= e010 
K= ~000 
060T 06/27/68 11:41:03 80.62 H R S  
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I 
0.50 
0.40 
0.20 
0.00 
Fig .  4 
S t a b i l i t y  diagram f o r  the  magnet ron ,  V, = 6000V. 
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TABLE I11 
DISPERSION  EQUN - -P*Xt2+Q*X+R=0- -  
A - I N  CYL B-I N CI-OlJD C-OfJT CLOUD  D-OlJT  CYL 
K-FCBI-SIZE FACTOR F O R  CLOUD-K=OrCLOlJD F I L L S  CHAMBER 
NUMBER DENSITY OF ELECTRONS (Mt3) - N 
MAGNETIC F I E L D  ( G A U S S )  BO= 10438 
APPLIED VOLTAGE (VOLT) \IO= 2800  
ELECTRON CHARGE (COIJLOMB) EL= 1 - 6 * 1 0 ?  -19  
PERMITIVITY  (FARAD/M)  EO= 8 . 8 * 1 8 t  -12 
A= 1-4605*10t   -3  
D= 00 14986 
K =  -500  COMPLEX 
K =  -490  COMPLEX 
K =  -480  COMPLEX 
K =  -470  COMPLEX 
K= - 4 6 0  COMPLEX 
K =  -450  COMPLEX 
K= -440  COMPLEX 
K= -430  COMPLEX 
K= -420  COMPLEX 
K= 0410 COMPLEX 
K= 0400 C OMPL EX 
K =  0390 COMPLEX 
K= 0380 C OMPL EX 
K= -370  COMPLEX 
N= 
N= 
N =  
N =  
N =  
N= 
N =  
N= 
N= 
N= 
N= 
N= 
N= 
N= 
1*10t  15 
I * 1 0 ? i 8  
1*10t17  
1*10t17 
1*10t17  
l * l 0 ? 1 7  
1*10t17  
I*18t17  
1*10t  17 
1*10t17  
1*10t17 
1 * 1 0 t 1 7  
1*10t17  
1*10t16  
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K= 0360 
K= 0350 
K= -340 
K= 0330 
K= 0320 
K= 0310 
K= 0300 
K= 0290 
K= -280 
K= 0270 
K= 0260 
K= 0250 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
c oE?pJLEx 
COMPLEX 
TABLE I11 (CONT.) 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
K= 0240 
K= 0230 
K= 0220 
K= -210 
K= 0200 
K= 0190 
K= 0180 
K= 0170 
K= 0160 
K= 0150 
K= 0140 
K= -130 
K= 120 
K= 0110 
K= 100 
K= 0090 
K= 0080 
K= 0070 
K= 0060 
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1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
1*10?16 
TABLE 111 (CONT.) 
K= -050 
K= a 0 4 0  
K= 0030 . 
K=  e020 
K= 001@ 
K= a 0 0 0  
090T 06/26/68 13:29:47 02.09 HRS 
! 
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I 
Fig.  5 
S tab i l i t y  d i ag ram fo r  t he  magne t ron  Vo = 2000V. 
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TABLE IV 
DISPERSION EQUN --P*X t2+Q*X+R=B-- 
A-IN CYL R - I  N CLOUD C-OIJT CLOUD D-OIJT  CYL 
K-FCBI-SIZE  FACTOR F O R  CL@IJD-K=B,CLOUD F I L L S  CHAMBER 
NUMBER DENSITY OF ELECTRONS (Mt3)  - N 
MAGNETIC F I E L D  ( G A U S S )  BO= l00B 
APPLIED V OLTAGE C VOLT) vo= 1*1P)t4 
ELECTRON  CHARGE C COIJLOMR) EL= 1 e6*10t  - 9 
PERMIT1 V I  TY ( F A R A D / M )  EO= 8.8*1Glt -12 
A =  1 -4605*10t  - 3  
D= e01 4986 
K =  e500 COMPLEX N =  1*18t12  
K =  e 4 9 0  COMPL EX N =  1*10?19 
K =  .480  COMPLEX N =  1*10t18  
K= e470 COMPLEX N= 1*10*18 
K =  -460  COMPLEX N =  1*10t18 
K =  e450 COMPLEX N =  1*10t18 
K =  -440  COMPLEX N= 1*10t18 
K =  0430 COMPLEX N= 1*1@t18 
K =  e420 COMPLEX N =  1*10t17  
K =  e 4 1 0  COMPLEX N= I*10t17  
K =  -400 COMPLEX N= 1*10t  17 
K= -390  COMPLEX N= 1*10t17  
K= e 3 8 0  COMPLEX N= 1*10t17  
K= - 3 7 0  COMPLEX N= 1*10t17  
4 1  
K= e360 
K= e350 
K= e340 
K= 0330 
K= e320 
K= e310 
K= e300 
K= e290 
K= e280 
K= e270 
K= -260 
K =  e250 
K= 0248 
K =  0230 
K= 0220 
K =  e 2  10 
K =  0200 
K= 0190 
K =  e180 
K =  170 
K= e160 
K =  0 150 
K =  e148 
K =  e 139 
K= e120 
K= e110 
K =  e10B 
K= eB90 
K= OB80 
K =  0070 
K=' .B60 
K =  e @ S 0  
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
COMPLEX 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
N= 
. N= 
N= 
1*10*17 
1*10*17 
1*10*17 
1*10*17 
1*10*17 
1*10*17 
1*10?17 
1*10?17 
1*10?17 
1*10*17 
1*10?17 
4 2  
TABLE IV (CONT. ) 
K =  o 0 4 U  
K= -030 
K= 0020 
K =  -018 
K =  o@U?j 
060T 06/27/45 11:Bl: 19 eO.71 HRS 
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0.50 
T 
NUMBER DENSITY, e 7 m 3  
F i g .  6 
S t a b i l i t y  d i a g r a m  f o r  t h e  m a g n e t r o n  Vo = 10,OOOV. 
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ROUGH FREQUENCY  CALCULATIONS I N  
OF < = f ( N ,  K ,  V,) 
THE MAGNETRON W I T H  THE FUNCTIONAL  RELATIONSHIP 
I t  i s  p o s s i b l e ,  t a k i n g  t h e  o p e r a t i n g  voltage f o r  t h e  
standard  Redhead  gage V, = 6 0 0 0  v o l t s ,  t o  cons t ruc t  a table  
of t h e  actual  o s c i l l a t i o n  f r e q u e n c i e s  w = e N / E , B  r, f o r  
values of N and K over t h e   a l l o w e d  range i n  K and a 
rea l i s t ic  r a n g e   i n  N t o  d e t e r m i n e   i f   t h e s e   c o n d i t i o n s  are 
, a t  least  rough ly   cons i s t en t   w i th   expe r imen t ,   Such  a ca l cu la t ion  
was performed and the computer program i s  shown i n  Table  V and 
t h e  r e s u l t s  i n  T a b l e  V I .  From t h e   r e l a t i o n   b e t w e e n   f r e q u e n c y ,  
anode  vo l t age ,  and  magne t i c  f i e ld  o f  f = 1 1 . 2  V/B ( M H Z )  t aken  
f rom  the   paper  by  Redhead ( r e f .  7 )  w e ,  f o r  t h i s  o p e r a t i n g  p o i n t ,  
s h o u l d   o b t a i n  a frequency of 2 7 . 2  M H z ,  In   compar ison   wi th   the  
t a b l e ,  h o w e v e r ,  t h i s  f i g u r e  s h o u l d  b e  m u l t i p l i e d  by 277 s i n c e  
t h e  c a l c u l a t i o n s  are i n  a n g u l a r  f r e q u e n c y ,  so w e  should  want a 
angular   f requency   of  4 . 2 2  x lo8 H Z  t o  agree  with  Redhead,  Look- 
i n g  a t  t h e  t a b l e  w e  see t h a t  t h i s  f r e q u e n c y  i s  w i t h i n  t h e  s t a b l e  
r eg ion  i n  K and a r e a s o n a b l e   v a l u e   f o r  N I n   f a c t   t h i s  
rough   ca l cu la t ion   g ives  a ve ry   sma l l   va lue  fo r  1; i n d i c a t i n g  
t h a t   t h e   c h a r g e   c l o u d   n e a r l y   f i l l s   t h e   c h a m b e r ,  A r e l a t i o n  
between N and K fo r   t h i s   obse rved   f r equency   cou ld   be   worked  
o u t ,  b u t  t h i s  e x e r c i s e  w i l l  b e  l e f t  u n t i l  b e t t e r  l i m i t a t i o n s  
can be   pu t   on  N . 
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I s  
TABLE V 
1 .01 ;  ROIJGH FRKGUENCY CALCULATIONS F O R  THE MAGVETRON 
1.02 PAGE 
1 0 10 PRINT"  "r FREOUENCY  ALCULATIONS FOR THE MAGNETRON" 
1 - 1 1  TYPE # r #  
1 020 TYPE "DI  S P E R S I  O N  EOLJN - -?*X t2+0*X+R=E)--" 
1 030 PRI NT" 'I J * * A - I  N CYL"r"  B-I N CLOUD"." 
1.31  PR1NT"C-OUT CLOUD"." '*r"D-OUT CYL" 
1.32 TYPE # 
1 . 4 1   T Y P E   " K - F < B ) - S I Z E  FACTOR  FOR CLOUD-K=OrCLOUD F I L L S  CHAMBER" 
1 - 4 2   T Y P E  "0<=K=>0 0267, S T A B I L I T Y  A N D  CLOUD S I Z E "  
1 .43   TYPE # 
1 e431 PRINT"PHYS1CAL  DIMENSIONS < M I  A-B-C-D" 
1 0432 TYPE # 
1 . 4 4  PR1NT"NUMBER DENSITY OF ELECTRONS ( M t 3 )  . N1* 
1 . 4 5   T Y P E  # 
1.513 PRINT"MAGNET1C  FIELD ( G A U S S ) " .  B O  FOR B O = 1 0 0 0  
1 .51   TYPE # 
1 052 PRI NT"APPL1 ED VOLTAGE (VOLT)". VO FOR V0=6000 
1.53   TYPE # 
1.54   PRINT"ELECTR0N CHARGE <COULOMR)"sEL FOR E L = I   . 6 * l @ t - 1 9  
1 - 5 5  TYPE # 
1-56   PKINT"PERM1TTIVITY  <FARAD/M)" r  EO FOR E 0 = 8 0 8 * 1 B t - 1 2  
1 - 5 7  TYPE Iris# 
1 - 6 0   P R I N T  A FOR A = < ( 0 0 1 1 5 / 2 ) * 2 . 5 4 > * (   1 / 1 0 Q )  
1.61  TYPE # 
1 . 6 2   P R I N T  D FOR D=(<1 .180 /2 )*2 .54 )* (1 /188)  
1 . 6 3   T Y P E  # 
1.71  L=D-A 
1.72  PAGE 
1 -8 1 P R I  NT" ">"TABLE OF NUMBER DENSITY A N D  FREQUENCIES" 
1 .82   TYPF # s #  
1 083 PRINT" " J N" t " 1',"l".j[ 1 I * * , "  "r"4JC2 I" 
1 -84 TYPE #,# 
1 - 9 9  D O  PART 2 
2.10 
2 . 1 1  
2.12 
2 . 1 4  
2.15 
2 021 
2 022 
2 0 3 1  
K = 0  0450 
B=A+K*L 
C=D-K*L 
P R I N T  K 
TYPE # 
N = l B t l 2  
Q5=( S P I  *N*EL)  /<2*LN< D / A )  ) 
TO S T E P  3.20 I F  N r l B t 2 4  
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3.10 SET N=lBO*N 
3 . 1 1  TO STEP 2 a 2 2  
3.20 SET K = K - D * @ 5 @  
3.21  TYPE # 
3.22 L O G O t J T  I F  K C ?  
3.23 TO STEP 2 1 1  
FORM 1 
# . A t ? *  
c 
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TABLE VI 
FREQUENCY  CALCULATIONS F O R  THE MAGNETRON 
DISPERSION EQlJN --P*X t 2 + R * X + R = B - -  
A - I N  CYL R -I  N CL O1.lD C-OIJT  CLOUD D-OIJT CYL 
K-FCB)   -S IZE FACTOR F O R  CLOlJD-K=OsCLOIJD F I L L S  CHAMBER 
8<=K=>8.267> S T A B I L I T Y  A N D  CLOIJD S I Z E  
PHYSICAL  DIMENSIONS (M) A-B-C-D 
NUMBER DENSITY OF ELECTRONS ( M  t3) - N 
WAGNETIC FI ELD ( GAI.1S.S) BO= 1 OB$? 
A P P L I  ED VOLTAGE (VC)LT) VO= 6000 
ELECTRON  CHARGE ( C OlJLOMB 1 EL= 1 .6*lB? -19 
PERMITTIVITY (FAFZAD/M) EO= 8.8*10? - 1 2  
A= 1.46~35*10t - 3  
D= *Ca 1491; 6 
TABLE OF NUMBER DENSITY A N D  FREQUENCIES 
N 1Jc 1 3 I.JC23 
K =  -450 
1 .O+ 12 4 5+04 3.3+@4 
1 .0+14 4.6+04 3.2+04 
1 . O + 1 6  7.2+04 2 .4+O4 
K =  0400 
1 .o+ 12 5 . 5+04 2.8+04 
1.0+14 5.5+04 2.8+04 
1 .0+16 8 4+04 2 6+04 
K= -350 
1.0+12 6 7+04 2.5+04 
1 .0+14 6*7+04 2 4+04 
1 .0+16 8.8+04 3.1+04 
K =  0300 
1.0+12 8 5+04 2 .2+04 
1 .0+14 8 .5+04 2 .2+O4 
1 .0+16 8 5+04 3 .8+04 
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K= 0250 
1 00+  12 
1 .0+14 
100+16 
1 .0+18 
1.0+20 
1.0+22 
100+24 
K= 0200 
100+12 
I .'0+14 
1.0+18 
1.0+20 
1.0+22 
1.0+24 
K= 0158 
1.0+12 
1 .O+14 
1 .0+16 
1 o8+18 
1.0+20 
1 00+22 
1 o0+24 
K= 100 
1.0+12 
1 .0+14 
1.0+16 
1 00+ 18 
1.0+20 
1.0+22 
1 .0+24 
K= 0050 
1.0+12 
Io8+14 
1 o0+16 
1 .0+ 18 
1.0+20 
1.0+22 
1 .0+24 
1 1+05 
1.1+05 
7 03+04 
lo7+06 
1 06+08 
1 .6+1@ 
1 06+12 
1 5+05 
1 .5+05 
3*1+06 
3.1+08 
3.1+10 
3.1+12 
2 1+05 
2.1+05 
5 7+04 
4o2+06 
4 .2+08 
4o2+10 
4*2+12 
3 3+05 
3.2+05 
6.6+04 
5 .2+06 
5 .2+08 
5.2+10 
5.2+12 
5 6+05 
5 6+@5 
7.4+04 
6.2+06 
6 .2+08 
6.2+10 
6.2+12 
1.9+04 
1.9+04 
4.5+04 - 3+07 - .3+(39 
-.3+11 
-.3+13 
1 .7+04 
1.7+04 - *9+0 7 
-.9+09 
-.9+1 1 
-09+13 
1 .5+04 
1 .6+04 
1.3+04 
-.2+08 - .2+ 10 
-021.12 
-o2+14 
1.4+04 
1.4+04 
-.7+05 - o 4+08 
-.4+10 
-.4+12 
-.4+14 
103+04 
1.3+04 - .2+06 - 08 +08 
-.5+10 
-.8+12 
-*8+14 
49 
B 
TABLE VI (CONT. ) 
K= 0000 
1 .O+ 12 1.2+06 1 1+04 
1.0+14 1.2+06 1 .2+04 
1.0+16 8.3+04 - 7+06 
1 .@+18 7*2+!d6 -.2+09 
1.0+20 7.2+!38 -.2+11 
1.0+22 7.2+10 -.2+13 
1 *8+24 7.2+ 12 -.2+15 
020T  06/28/68  14:26:42  01  -23 HRS 
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LIMITATIONS ON THE VALUE OF N 
Looking at Eqn (28)  we  see  that  the  applied  potential  is 
a  measure of the  charge  residing on the  inner  electrode  and 
the  charge  contained  between  the  cylinders, 
@o (dl  = - - Q 27rE0 c2-b2) + 2c2 In - 2b2 In 4 (28) 
0 
The  first  term on the  right  hand  side  is  positive  since Q is 
a  negative  quantity.  The  second  term is also  positive  since 
e  is  the  specific  charge  and  the  expression  in  brackets i
always positive. Thus as N increases I Q I  decreases, However 
Q cannot go positive  otherwise  the  field at the  cathode  would 
change  sign  and  repel  the  incoming  ions  effectively  turning off 
the  primary  supply  of  electrons  for  the  discharge.  Thus  we  see 
that N must  be  equal  to  or  less  than  that  number  that  would 
make  the  charge on the  inner  electrode go to zero.  Substitut- 
ing V, for +,(a) we  can  write  an  equation  for  the  maximum 
N. 
< -  4E0v0 1' 
Nulax - e [(C2-b2) + 2c21n, d - 2b21n5]  d (40) 
For  this  geometry  the  expression  in  brackets  varies  from 2.7 x 
for  K = 0.45 to 2.2 x for K = 0. The  maximum  value 
of N can be calculated  from Eq, (40) for  various  values of 
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V, and K . Calculations of N,, for various values of K 
are  tabulated in Table  Vii  and  graphed for several  voltages 
in  Fig. 7. 
Physically  this  limitation on N corresponds  to  putting 
just  enough  electrons  into  the  discharge  to  reduce  the  field 
at  the  cathode  to  zero.  Further  addition of electrons  would 
correspond  to  driving  the  field  (at  the  cathode)  positive 
which  would  draw  electrons  from  the  discharge.  Thus  this 
boundary  is a self  limiting  one. 
TABLE VI1 
CALCULATIONS OF N, AND THE  EXPRESSION  IN  THE 
DENOMINATOR OF EQ. (40) 
D = [(c2-b2) + 2c21nE d - 2b21n5 “1
FOR  VARIOUS K VALUES  AND V, = 6000 volt. N, 
VALUES  FOR  OTHER  APPLIED  VOLTAGES  ARE  A 
SIMPLE  MULTIPLE OF THIS  VALUE 
K 
0.45 
0.40 
0.35 
0.30 
0.25 
0.20 
0.15 
0.10 
0.05 
0 
D - 
2.7  X 10’5 
5.3 
7.9 
1.0 x 10-4 
1.3 
1.5  
1.7 
1.9 
2 . 0  
2.2 
4.9  x 1 0 1 6  1/m3 
2.5 
1.7 
1.3 
1.0 
8 . 8  x l O I 5  
7 .8  
7 .0  
6 . 6  
6 . 0  
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0.4( 
0.3( 
E- 
O 
I- o 
2 
W 
N 
0.2c 
NUMBER DENSITY, e 7 m 3  
Fig. 7 Graph of Maximum Number Density, Nmax for Applied  Voltages 
of 2000, 6000, 1OOOOV. 
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POTENTIAL  AND  ELECTRIC FTELD PROFILES IN THE 
GAGE FOR THE EXTREME CASES: CHARGE 
FREE AND MTUIMUM CHARGE 
Charge  Free  Case 
The  charge  free  field  and  potential  are  determined  from 
Eqs. ( 2 5 ) .  
The  condition  that 9, = 0 at  r = a and $o = V, at  r = d re- 
quires  that - Q / ~ T ~ E : ,  = Vo/lng so these  expressions  are  now 
written  as 
V 
- 
Ecf - - 
0 a r ln- a 
where  the  subscripts c f  indicate  charge  free.  Putting in 
the  values of V, = 6000 volt  and  d  and  a  for  the  gage 
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w e  c a n  c o m p u t e  t h e  c h a r g e  f r e e  p o t e n t i a l  a n d  f i e l d  i n  t h e  
gauge .   Th i s   ca l cu la t ion  i s  shown Table  V I I I .  
Maximum Charge Case 
The c o n d i t i o n  f o r  maximum charge  w a s  der ived from E q .  (28)  
r e l a t i n g  t h e  a p p l i e d  p o t e n t i a l  t o  t h e  c h a r g e  on the cathode and 
t h e  number  of e l e c t r o n s  i n  t h e  c l o u d .  The curves  of   Fig.  7 re- 
l a t e  t h e  number d e n s i t y   o f   e l e c t r o n s   t o  K v a l u e   t o   r e d u c e   t h e  
f i e l d  a t  t h e  c a t h o d e  t o  z e r o .  S i n c e  t h e  maximum charge  must  be 
f o r  t h e  c l o u d  f i l l i n g  t h e  e n t i r e  chamber w e  t a k e  X = 0 . 0 0 1  and 
a va lue   o f  N = 6.0 x The c a l c u l a t i o n s   o f  t h e  p o t e n t i a l  
and t h e  f i e l d  f o r  t h i s  s i t u a t i o n  a r e  o b t a i n e d  from Eqs. ( 2 6 ) .  
where f o r   t h e s e   v a l u e s   o f  K and N ,  Q = 0 .  T h i s   c a l c u l a t i o n  
i s  shown i n  Table  I X .  
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TABLE VI I I 
CALCULATION OF POTENTIAL AND FIELD FOR THE CHARGE FREE CASE 
A t  104605*10t -3 
D= 0014986 
VO= 6008 
RADI US POTENT1 A 1  F I E L D  
2 08 1-83 
4 17-03 
5 52-83 
6 08 7-03 
8 *22-a3 
9 058-83 
1 -09-02 
1.23-02 
1-36-02 
I . 50 -02 
I .69+e3 
2 *78+03 
3.43+03 
3*99+03 
4 4S+03 
4*85+03 
5 19+03 
5 *49+03 
5*76+03 
6 *80+03 
TABLE IX 
CALCULATION OF POTENTIAL AND FIELD FOR THE MAXIMUM CHARGE CASE 
A= 1 *4605*10? -3 
@= 00 14986 
VO= 6000 
RADI  US POTENT1  AL FIELD 
8 .26+01 
3*81+02 
6  .35+02 
1.08+03 
1 *63+03 
2 *29+03 
3 *86+@3 
3 09 3+@3 
4*90+03 
5 *98+03 
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COMPARISON OF THE  CHARGE  FREE  AND 
MAXIMUM  CHARGE  CONDITIONS 
I n  t h e  f o l l o w i n g  t w o  f i g u r e s  w e  show t h e  maximum cha rge  
and c h a r g e  f r e e  p r o f i l e s  f o r  t h e  f i e l d  ( F i g .  8 )  and t h e  
p o t e n t i a l   ( F i g .  9). 
BUILDUP  AND  MAINTAINANCE OF THE  DISCHARGE 
In  one  of t h e  p r e v i o u s  s e c t i o n s  w e  p u t  an upper  l i m i t  on 
t h e  t o t a l  number o f  e l e c t r o n s  t h a t  c o u l d  b e  m a i n t a i n e d  i n  t h e  
d i s c h a r g e ,  I n  t h i s  s e c t i o n  w e  c o n s i d e r  how t h e  e l e c t r o n  c l o u d  
b u i l d s  up  and t h e n  s u s t a i n s  i t s e l f .  
When t h e  d i s c h a r g e  starts t o  b u i l d  up t h e  i o n s  t h a t  s t r i k e  
the  ca thode  have  a r e l a t i v e l y  h i g h  e n e r g y  (several K e V  as s e e n  
i n  F i g .  9 )  and a t  t h i s  e n e r g y  t h e  y i e l d  (number of e l e c t r o n s  
l i b e r a t e d  p e r  i o n  s t r i k i n g  t h e  c a t h o d e )  i s  approximate ly  3 
based  on the  measurements  of  A+ ions on  Nichrome V ( r e f ,  8 )  
Argon i o n s  a r e  t y p i c a l  and the  commerical  gages as  v7ell a s  t h e  
, o r i g i n a l   o n e s  by Redhead are c o n s t r u c t e d   o f  Nichrorne V. IIow- 
ever as t h e  d i s c h a r g e  b u i l d s  up the  e l ec t ron  c loud  eve rywhere  
lowers t h e  p o t e n t i a l  so t h a t  the ave rage  ion  ene rgy  and  l i ke -  
wise t h e  y i e l d  d e c r e a s e s .  
The  number of e l e c t r o n s  pumped i n t o  t h e  c l o u d  d e p e n d s  o n  
t h e  number of i o n s  s t r i k i n g  t h e  c a t h o d e ,  t h e  e n e r g y  o f  t h e s e  
i o n s ,  t h e  y i e l d  of t h e  c a t h o d e  mater ia l  a n d  t h e  r e l a t i v e  number 
o f  e l e c t r o n s  l i b e r a t e d  f r o m  t h e  c a t h o d e  t h a t  e n t e r  t h e  c l o u d ,  
We can look a t  t h e  e f f e c t  o f  e a c h  o f  t h e s e  p a r a m e t e r s  i n  t u r n  
on the  bu i ldup  and  ma in tance  of t h e  d i s c h a r g e , .  
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RADIUS, r 
Fig .  8 
Graphs  of e lec t r ic  f i e l d  as a f u n c t i o n  of r a d i u s  
f o r  t h e  c h a r g e  f r e e  a n d  maximum cha rge  cond i t ions  
in  the  magne t ron .  
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CI 
5 
0 > 
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a 
200c 
l 0 0 C  
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a :INNER CYLINDER 
d :OUTER CYLINDER 
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RADIUS, r 
Fig .  9 
Graphs  o f  po ten t i a l  as a f u n c t i o n  o f  r a d i u s  f o r  
t h e  c h a r g e  free and maximum cha rge  cond i t ions  i n  
the  magnetron . 
d 
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The  number  of  ions  striking  the  cathode  will  decrease  with 
pressure  and  experimentally  we know this  is  a  linear  decrease. 
As  the  energy of the  ions  decreases  the  yield  decreases  though 
looking  at  the  curve  of  Fig. 9 and  the  yield  curves  (ref. 8 )  
the  number  of  electrons  liberated  per  ion  cannot  decrease  much 
less  than  unity,.  Assuming no effects  due  to  gas  adsorption  the 
yield  must  reamin  constant.  The  relative  number of electrons 
that  escape  the  cathode  depends  also on the  pressure. 
At  this  point  without  making  any  calculations  we  can  make 
a very  educated  guess  as  to  the  mechanism  that  makes  the  gage 
linear  over  a  wide  range.  If  we  assume  that  the  charge  cloud 
is  feed by the  mechanism  described  then  the  limitation  must  be 
via  the  cloud  itself  and in particular  the  limitation  on N 
described in a  previous  section.  This  predicts  a  constant 
number of electrons  in  the  discharge  and  a  constant  potential 
and  field  profile  which  implies a  constant  sensitivity  of  the 
gage.  This  implies  that  in  the  linear  range  the  supply of 
electrons  back  into  the  discharge  is  greater  than  the loss rate 
due  to  collisions. 
At the  point  where  the  gage  becomes  non-linear  the  rate 
at  which  electrons  are  feed  into  the  discharge  must  just  balance 
some loss mechanism,  Since  the  non-linearity  begins  at  a  con- 
stant  current  and  not  constant  pressure  it  is  safe to assume 
that  the loss mechanism  is  independent  of  pressure, 
Physically  the  situation  is  the  following.  The  charge 
cloud in the  gage  is  constant  in  numbers of electrons  and as 
the  pressure  decreases  the  number  of  electrons  necessary  to 
maintain  this  discharge  decreases,  Though  this  primary  mechanism 
for  supplying  electrons  to  the  discharge  is  more  than  sufficient 
60 
to keep the  number of electrons  in  the  cloud  at  its  maximum 
over  a  wide  pressure  range  at  sufficiently  low  pressures  the 
i o n  current  which  controls  the  number of electrons  going  into 
the  discharge  goes so low  that  the  small  "unknown  for  the 
present"  loss  rate  begins  to  sap  electrons  from  the  discharge. 
CALCULATION OF THE  SENSITIVITY OF THE GAGE 
First  Rough  Estimate Of The  Sensitivity 
Using  some  of  the  results of the  previous  sections  it  is 
possible  to  make  an  estimate  of  the  sensitivity of the  gauge 
when  it  is  operating in the  linear  region;  corresponding  to 
the  maximum  stored  charge.  For  this  first  estimate we take  an 
average  electron  energy  and  calculation  the  ion  current  as  a 
function  of  pressure  for  a  beam of electrons  of  this  energy and 
density, as  taken  from  Fig. 7, passing  through  a  gas  where  we 
know the  ionization  cross  section  and  the  pressure  density re- 
lation. 
Average  Energy of the  Electrons.-  We  make  a  very  rough 
estimate of the  average  electron  energy  by  looking  at  the 
electron  ballistics.  Electrons  liberated  from  the  central 
electrode  start  out  with  approximately  zero  energy  and  execute 
cycloidal  motion  according  to  the  following  parametric  equations 
which  are  written in Cartesian  coordinates  (ref. 2, 3) 
- "- 
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x = "(1 - coswct) E 
wCB 
E sinwet + - t E y = - -  UCB  B 
where wc = lelB/m is the  cyclotron  frequency.  The  dimensions 
involved  are  sufficiently  small  to  justify  a  switch  to  the  more 
convenient  Cartesian  coordiantes.  The  x-direction  corresponds 
to  the  direction of the  electric  field  and  the  y-direction,  the 
azimuthal  direction.  The  energy of the  electron  in  its  cy- 
cloidal  path  is  determined by  the radial  potential  profile  and 
the radial  position of the  electron. Now this  initial  electron 
begets  others  by  ionizing  collisions  and so on across  the  dis- 
charge  with  the  subsequent  electrons  also  executing  this  cy- 
cloidal  motion.  The  cycloid  height  or  maximum  excursion  in 
the  direction of the  field is 
N Ot v if  we look at  the  radial  field PI rofile,  Fig. 8 and 
Table IX, we see that  halfway  across  the  discharge  the  field  is 
9.0 x lo5 volt/m. In  the  preceding  calculations  the  end  caps 
have  not  been  taken  into  account.  The  field  must go to  zero 
(or  nearly so) at the  end  caps  as  well  as  the  cathode so as  a 
first  approximation  we  assume  that  the  field  goes  linearly,  in 
the  axial  direction,  from  a  value of zero  at the  end caps  to 
the  value  given in Fig. 8 and Table  XI  for  any  particular  radius. 
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Halfway a c r o s s  t h e  d i s c h a r g e  ( i n  t h e  r a d i a l  d i r e c t i o n )  t h e n  t h e  
f i e ld  goes  f rom ze ro  a t  one end cap t o  9 .0  x l o 5  volt/m midway 
between the end caps and back t o  z e r o  a t  the  o the r  end  cap .  
Thus t h e  a v e r a g e  f i e l d  t h a t  a n  e l e c t r o n  w i l l  encounter  i s  
4 . 5  x 1 0 5  volt/m. 
W e  have   no t   t aken   i n to   accoun t   t he   changes   i n  N due t o  
t h e  i n f l u e n c e  of the end caps however  the e lec t r ic  f i e l d  i s  more 
impor t an t  s ince  i t  enters  t h e  c a l c u l a t i o n  o f  t h e  s e n s i t i v i t y  a s  
t h e   s q u a r e   w h i l e  N e n t e r s   l i n e a r l y .   F o r  a f i e l d   o f  4.5 x l o 5  
volt/m which i s  wha t  t he  e l ec t rons  encoun te r  on average the ex- 
c u r s i o n  i s  5.0 x loe4 m. T h i s  v a l u e  i s  s u f f i c i e n t l y  small com- 
pared  wi th  the  d imens ions  of  t h e  d e v i c e  t o  j u s t i f y  u s e  of  E q s .  
( 4 1 )  a t  l e a s t  f o r  t h i s  g r o s s  a p p r o x i m a t i o n .  
With t h e  assumption of a un i fo rm dens i ty  o f  e l ec t rons  ex -  
e c u t i n g  t h e s e  c y c l o i d a l  m o t i o n s  t h e  a v e r a g e  e l e c t r o n  e n e r g y  m u s t  
be t h e  average  energy  of  an e l e c t r o n  e x e c u t i n g  t h i s  m o t i o n  mid- 
way a c r o s s   t h e   d i s c h a r g e .   N o t e   t h a t   t h e   f i e l d   i n c r e a s e s   r o u g h l y  
l i n e a r l y  a c r o s s  t h e  d i s c h a r g e  b o t h  i n  t h e  r a d i a l  ( F i g .  8 ) - a n d  
a x i a l  d i r e c t i o n s .  
With a c y c l o i d a l   h e i g h t   o f  5 .0  x m and a f i e l d   o f  
4-5 x l o 5  volt/m t h e  e l e c t r o n  i n  i t s  cycloid goes from zero t o  
225 e V  i n  e n e r g y .  As a f i r s t  e s t i m a t e  t h e n  w e  s imply  take  one 
h a l f  t h i s  v a l u e  o r  1 1 2  e V  as t h e  a v e r a g e  e l e c t r o n  e n e r g y .  
Model f o r  t h e  C a l c u l a t i o n  o f  S e n s i t i v i t v . -  Now t h a t  w e  
have a f i r s t  estimate o f  t h e  e l e c t r o n  e n e r g y  w e  can se t  up a 
simple model t o  c a l c u l a t e  t h e  i o n i z a t i o n  ra te  i n  the gauge.  
Consider a u n i t  volume  of a gas  whose  number d e n s i t y  i s  simply 
r e l a t e d  t o  t h e  p r e s s u r e  by 
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v -  - 3.2 x 10l6 P (43) 
where P is measured  in  Torr  and N/V has  the  units of molecules/ 
cm3, This  relation  is  valid  at  room  temperature.  Note  that  this 
calculation  is  carried  out  in  cgs  units  because  interaction  cross 
sections  important  to  the  calculation  are  given  in cm2= We  also 
can  ascribe  certain  properties  to  the  electron  gas  namely  a 
density of 6.0 x lo9 l/cm3  and  velocity of 6.3 x lo8 cm/sec. 
(corresponding  to  an  energy of 112 eV). The  number of electrons 
passing  through  a  unit  volume  per  second is just  the  density in 
the  stream  times  the  velocity  which  turns out  to  be 3 . 8  x 
l/cm2-sec.  This is the  number  that  pass  through  unit  area  in 1 
sec, We  take  this  number  as  the  number  of  electrons  that  can 
cause  an  ionizing  collision. 
Calculation  of  the  Sensitivity.-  The  number  of  ions  or 
particle  current  produced  per  unit  volume  is 
- N x A x N e  " V (44 1 
where  A  is  the  interaction  cross  section  and Ne is the  number 
of electrons  that  can  cause  an  ionization.  The  ionization cross 
section  for  electrons of 112 eV on nitrogen  is 2.5 x  10-16 cm2 
(ref. - 9 )  so Eq.  (44) gives 
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Ni = 2.5 x 10’16cm2 x 3 . 8  x lo1* - 1 x 3.2 x 1016 P - 
cm2-sec cm 3 
1 
Ni = 3 . 0  x 1019 P l/cm3-sec. 
The  sensitivity of the  gage  is  just  this  expression  taking  into 
account  the  volume of the  discharge (V,) and  the  charge  per 
particle or 
I+ 
” 
P - N~ x l e1  x v g ( 4 5 )  
where  we  take  for  the  volume of the  discharge  the  volume  en- 
closed  by  the  anode ring, V = 10 cm3- Carrying  out  the 
g 
calculations  we  have  for  the  sensitivity. 
I+ 1 - = 3 . 0  x 10’9 - 1.6 X 10-19 c X io CI+ P cm3-sec 
- I+ 4 8  %. 
P Torr 
This  calculated  value  is  a  factor f 5 times  the  value of 9 zy 
measured by Redhead, (ref. 10) In  the  next  section  we will. 
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explore  some  more  suitable  estimates  for  electron  energy  that 
will  give  a  better  estimate of the  sensitivity. 
More  Refined  Calculations Of The  Sensitivity 
The  calculation of the  sensitivity of the  gage  is  in- 
accurate  primarily  because  the  average  electron  energy  coincides 
with  the  peak  of  ionization.  We  can  make  a  better  estimate by 
paying  closer  attention  to  the  electron  ballistics  particularly 
how  much  time  the  electron  spends  in  a  particular  energy  range 
and its  cross  section  over  that  range.  The  first of E q s ,  (41) 
describes  the  path  of  the  electron  in  the  direction of the  field 
as a  function  of  time,  Multiplying  this  expression by  the  field 
gives  an  expression  for  the  electron  energy  as  a  function of 
time.  Thus  we can write 
E = EX = - (1 - COSU,~) E2 
wcB 
The  time  for  the  electron  to  reach  its  maximum  excursion  is 
to = n / w c  = 1,8 x sec. Using this relation or the simpler 
one 
E = 112 (1 - cosw,t) eV 
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w e  h a v e  a n  e x p r e s s i o n  f o r  t h e  e l e c t r o n  e n e r g y  as a f u n c t i o n  of 
t i m e .  This   curve  i s  s u f f i c i e n t l y  c l o s e  t o  l i n e a r  t o  j u s t i f y  
ou r  t ak ing  a t i m e  f a c t o r  f o r  t h e  electron i n  a p a r t i c u l a r  e n e r g y  
r a n g e  e q u a l  t o  t h e  f r a c t i o n  of the   energy   range .  Thus w e  say  
t h e  e l e c t r o n  s p e n d s  0.10 o f  i t s  time between 0 and 22.5 eV.  
Now i f  w e  compare t h i s  c u r v e  t o  t h e  i o n i z a t i o n  c r o s s  sec- 
t i o n  c u r v e  w e  see t h a t  some ma tch ing  o f  c ros s  sec t ions ,  ave rage  
energy, and t i m e  s p e n t  i n  t h a t  e n e r g y  r a n g e  i s  most  appropr ia te .  
We can approximate by breaking  up t h e  i o n i z a t i o n  c u r v e  i n t o  two 
s e c t i o n s .   S i n c e  t h e  c r o s s  s e c t i o n  f a l l s  o f f  r a p i d l y  f o r  low 
e n e r g i e s   t h i s   r e g i o n  i s  neg lec t ed .  The t o t a l  p a r t i c l e  c u r r e n t  
i s  t h e  number d e n s i t y  r e l a t i o n  x e l e c t r o n  f l u x  x t i m e  f a c t o r  x 
a v e r a g e  c o r s s  s e c t i o n .  
I n  the range from 20 to 4 5  e V :  
average energy = 32 e V  
a v e r a g e  v e l o c i t y  = 3.3 x 1 0 8  cm/sec. 
e l e c t r o n  flux = 2.0 x 1 0 1 8  l/cm2-sec. 
t i m e  f a c t o r  = 0 . 1 1  
a v e r a g e  c r o s s  s e c t i o n  = 1.1 x 10-16 c m 2  
p a r t i c l e  c u r r e n t  = 3.2 x 1 0 1 6  P l / c m 3  x 2.0 x 1 0 1 8  - 1 cm2-sec. 
p a r t i c l e  c u r r e n t  = 7,8 x 1017 1 Z - s e c .  
In  the  range  f rom 4 5  t o  225 eV: 
average energy = 135 e V  
a v e r a g e  v e l o c i t y  = 6 .8  x l o 8  cm/sec. 
e l e c t r o n  f l u x  = 4.1 x 10l8 l/cm2-sec. 
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t i m e  factor  = 0.80 
a v e r a g e   c r o s s   e c t i o n  = 2.5 x c m 2  
p a r t i c l e   c u r r e n t  = 3.2 x P 1/cm3 x 4 . 1  x 1 0 1 8  
1 - x 0.80 x 2.5 x c m 2  
cm2-sec. 
p a r t i c l e  c u r r e n t  = 2.5 x 1 0 1 9  l/cm3-sec. 
Now look ing  a t  t h e s e  p a r t i c l e  c u r r e n t s  w e  see t h a t  t h e  p a r t i c l e  
c u r r e n t  i s  d u e  p r i m a r i l y  t o  t h e  s e c o n d  r e g i o n .  The t o t a l  i o n  
c u r r e n t  f r o m  t h e  d i s c h a r g e  i s  t h i s  p a r t i c l e  c u r r e n t  x cha rge  x 
volume of t h e  d i s c h a r g e .  
1 I+ = 2 . 6  X 1 0 1 9  - x 1 . 6  x C x 1 0  c m 3  P 
cm3-sec. 
The s e n s i t i v i t y  of t h e   g a g e  i s  t h e n  I+ /P  = 4 2  amp/Torr  which 
compares a l i t t l e  .more f a v o r a b l y  w i t h  t h e  v a l u e  o f  9 amp/torr  
measured  by  Redhead  (ref. 1 0 )  
CONCLUSIONS 
The p r i n c i p a l  e f f o r t  o f  t h i s  p r o g r a m  was the development  
of a t h e o r e t i c a l  m o d e l  f o r  t h e  m a g n e t r o n  g a g e  t h a t  would pro- 
v i d e  f o r  t h e  o b s e r v e d  o s c i l l a t i o n s  as  w e l l  as t h e  l i n e a r  re- 
l a t i o n s h i p   b e t w e e n   p r e s s u r e   a n d   i o n   c u r r e n t .  The p h y s i c a l  
mechanism  of s l i p p i n g  stream i n s t a b i l i t y  was shown t o  b e  a n  
a p p r o x i m a t e  m o d e l  o f  t h e  o s c i l l a t i o n s ,  w h e r e i n  t h e  o s c i l l a t i o n  
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frequency  and  variation  of  frequency  with 1 / B are  consistent 
with  experimental  evidence.  These  calculations, in turn, 
yielded  expressions  for  the  electric  field,  potential  and 
dependance of the  electron  cloud  density on the  applied 
boltage. The  linear  pressure-current  relation  which  holds 
experimentally  over  a  wide  pressure  range,  follows  from  the 
model  when  a  simple  limiting  mechanism is employed to hold  the 
field at the  cathode  at  zero.  Calculations  of  the  sensitivity 
of  the  gage  based on the  assumption of maximum  charge  stored 
in the  gage  are  sufficiently  close  to  experimental  values, 
considering  the  approximations  involved,  to  indicate  that  the 
theory  is  basically  correct.  It  now  appears  evident  that  the 
mechanism  leading to the  non-linearity or loss in  sensitiv-ity 
at low pressures is an  electron  loss  mechanism  and  that  this 
mechanism is closely  connected  with  the  character  of  the  dis- 
charge. 
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APPENDIX B 
aside 
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A-PPENDIX C 
The  potentials of interest  are 
+ 2  = Br' + yr-' 
and 
First  @(c)  which  can  be  evaluated  from  either  expression 
@(c) = (Bc' + yc-') 
The derivative of $ 3  is 
Evaluating  this  derivative  at  r=c  we  have 
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The derivative of $2 is 
NOW we  can  also  evaluate vo (c) 
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APPENDIX D 
We s t a r t  wi th  Eqs. ( 3 7 )  and ( 3 8 ) .  
( 3 7 )  2 [ ,  + Q' ] (:f3a2R+y) = (f3+yb-2g)  (b2g-a2g) 
2 lrNeb 
( 3 8 )  12[< + *' ] - 2[l - $1 I(f3d2g+y-dg$o(d)) = - ( B + y ~ ' ~ g )  
21rNec2 
Working f i r s t  w i t h  Eq. ( 3 7 )  t h i s  c a n  b e  w r i t t e n  
or 
L J J 
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Equation (38) becomes 
t J 
These  two  equations  written  in  the form of  the  characteristic 
determinant  if $.(a) is taken  as  zero  are, 
. 
Writing  this  ali  out  we  have 
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or 
Now  we can multiply  this out. 
c 
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I QR2d2'(C2-b2) QRdZn,  QRc' 
vNeb 
- 
b2c2 .rrNeb2c2 TNeb TNeb 
+ " 
Combining terms we have 
81 
I 
b2R(c2-b2) " a2a(c2-b2) - d2R(c2-b2) + d2Ra2kb'2R(c2-b2) 
C2 C2 C2 
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Continuing  the  combination we have 
1 
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